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Abstract
We consider quantum teleportation using the thermally entangled state of a three-qubit Heisen-
berg XX ring as a resource. Our investigation reveals interesting aspects of quantum entanglement
not reflected by the pairwise thermal concurrence of the state. In particular, two mixtures of dif-
ferent pairs of W states, which result in the same concurrence, could yield very different average
teleportation fidelities.
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Quantum entanglement, as a physical resource, lies at the heart of quantum computa-
tion and quantum information [1]. An entangled composite system gives rise to nonlocal
correlation between its subsystems that does not exist classically. This nonlocal property
enables the uses of local quantum operations and classical communication to teleport an
unknown quantum state via a shared pair of entangled particles, with fidelity better than
any classical communication protocol [2, 3, 4]. Quantum teleportation can thus serve as
an operational test of the presence and strength of entanglement. It is not only relevant
to quantum communication between two distant parties but also to quantum computation,
as quantum teleportation is a universal computational primitive [5]. In Refs.[6] and [7],
teleportation of a quantum state using three-particle entangled GHZ state [8] and W state
[9] as resources have been demonstrated respectively. Three-particle entangled states have
also been shown to have advantages over the two-particle Bell states in their application to
dense coding [10, 11] and cloning [12, 13].
In recent years, the presence of entanglement in condensed-matter systems at finite tem-
peratures has been investigated by a number of authors (see, e.g., Refs.[14, 15] and references
therein). The state of a typical condensed-matter system at thermal equilibrium (tempera-
ture T ) is ρ = e−βH/Z where H is the Hamiltonian, Z = tre−βH is the partition function,
and β = 1/kT where k is Boltzmann’s constant. The entanglement associated with the
thermal state ρ is referred to as thermal entanglement [16]. The bulk of these investigations
concentrated on the quantification of thermal entanglement and how this quantity changes
with temperature T and external magnetic field Bm. More recently, quantum teleportation
of an unknown state using the thermally entangled state of a two-qubit Heisenberg XX
chain [17] has been demonstrated in Ref.[18]. This could have relevance to proposals like
the one-way quantum computer [19, 20].
In this paper, we consider quantum teleportation in the three-qubit Heisenberg XX ring
[14]. First, we carry out a detailed analysis of the pairwise thermal entanglement in the
model, in the presence of an external magnetic field Bm. We find that in contrast to re-
sults in Ref.[14], the antiferromagnetic ring can have nonzero pairwise thermal entanglement
when Bm 6= 0. In addition, the maximum amount of pairwise thermal entanglement in the
ferromagnetic ring is increased by the presence of Bm. Next, we describe the teleporta-
tion scheme P1 [24] and analyze the “average fidelity criterion”, Eq.(32). Interestingly, the
nonzero thermal entanglement associated with the antiferromagnetic ring cannot yield, for
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the teleportation scheme P1, average fidelity better than any classical communication pro-
tocol. With the ferromagnetic ring, although quantum teleportation with average fidelity
better than any classical communication protocol is possible, the amount of nonzero thermal
entanglement does not guarantee this. In fact, we could have a more entangled thermal state
not achieving a better average fidelity than a less entangled one.
The Hamiltonain H for a three-qubit Heisenberg XX ring in an external magnetic field
Bm along the z axis is
H =
1
2
J
(
σ1A ⊗ σ1B ⊗ σ0C + σ0A ⊗ σ1B ⊗ σ1C + σ1A ⊗ σ0B ⊗ σ1C
+σ2A ⊗ σ2B ⊗ σ0C + σ0A ⊗ σ2B ⊗ σ2C + σ2A ⊗ σ0B ⊗ σ2C
)
+
1
2
Bm
(
σ3A ⊗ σ0B ⊗ σ0C + σ0A ⊗ σ3B ⊗ σ0C + σ0A ⊗ σ0B ⊗ σ3C
)
(1)
where σ0α is the identity matrix and σ
i
α(i = 1, 2, 3) are the Pauli matrices at site α = A,B,C:
σ0 =

 1 0
0 1

 , σ1 =

 0 1
1 0

 , σ2 =

 0 −i
i 0

 , σ3 =

 1 0
0 −1

 .
J is real coupling constant for the spin interaction. The ring is said to be antiferromagnetic
for J > 0 and ferromagnetic for J < 0. The eigenvalues and eigenvectors of H are given by
H|000〉 = 3
2
Bm|000〉, H|W 1〉 = 12(Bm + 4J)|W 1〉, H|W 2,3〉 = 12(Bm − 2J)|W 2,3〉, H|W 4〉 =
−1
2
(Bm − 4J)|W 4〉, H|W 5,6〉 = −12(Bm + 2J)|W 5,6〉, H|111〉 = −32Bm|111〉, where
|W 1〉 = 1√
3
(|001〉+ |010〉+ |100〉),
|W 2〉 = 1√
3
(|001〉+ q|010〉+ q2|100〉),
|W 3〉 = 1√
3
(|001〉+ q2|010〉+ q|100〉),
|W 4〉 = 1√
3
(|011〉+ |101〉+ |110〉),
|W 5〉 = 1√
3
(|011〉+ q|101〉+ q2|110〉),
|W 6〉 = 1√
3
(|011〉+ q2|101〉+ q|110〉),
with q = exp(i2
3
pi). Here, we use |0〉 and |1〉 to denote an orthonormal set of basis states
for each two-level system. For the composite system in equilibrium at temperature T , the
density operator is
χABC =
1
Z
[
e−
3
2
βBm |000〉〈000|+ e− 12β(Bm+4J)|W 1〉〈W 1|+ e− 12β(Bm−2J)|W 2〉〈W 2|
3
+e−
1
2
β(Bm−2J)|W 3〉〈W 3|+ e 12β(Bm−4J)|W 4〉〈W 4|
+e
1
2
β(Bm+2J)|W 5〉〈W 5|+ e 12β(Bm+2J)|W 6〉〈W 6|+ e 32βBm |111〉〈111|
]
(2)
where the partition function Z = 2 cosh 3
2
βBm + 2e
−2βJ cosh 1
2
βBm + 4e
βJ cosh 1
2
βBm, the
Boltzmann’s constant k ≡ 1 from hereon and β = 1/T . By symmetry under cyclic shifts,
the reduced density operators ρAB = trCχABC , ρBC = trAχABC , ρAC = trBχABC are equal.
In Ref.[14], Wang et al. quantify the amount of entanglement associated with ρAB, by
considering the concurrence [21, 22], C = max{λ1− λ2− λ3− λ4, 0} where λk(k = 1, 2, 3, 4)
are the square roots of the eigenvalues in decreasing order of magnitude of the spin-flipped
density matrix operator R = ρAB(σ
2⊗σ2)ρ∗AB(σ2⊗σ2), where the asterisk indicates complex
conjugation. After some straightforward algebra,
λ1 =
2
3
(2e−2βJ + eβJ) cosh(
1
2
βBm), λ2 = 2e
βJ cosh(
1
2
βBm),
λ3 = λ4 =
√[
1
3
(e−2βJ + 2eβJ)
]2
+
2
3
(e−2βJ + 2eβJ) cosh βBm + 1 (3)
and the thermal concurrence is
C(ρAB) = max


2|e−2βJ − eβJ | cosh 1
2
βBm −
√
(e−2βJ + 2eβJ)2 + 6(e−2βJ + 2eβJ) cosh βBm + 9
3(cosh 3
2
βBm + e−2βJ cosh
1
2
βBm + 2eβJ cosh
1
2
βBm)
, 0


(4)
When Bm = 0, Eq.(4) reduces to that in Ref.[14]. In contrast to the two-qubit Heisenberg
XX chain [17, 18], the concurrence is invariant only under the substitution Bm → −Bm but
not J → −J . We thus restrict our considerations to Bm ≥ 0. The latter indicates that the
entanglement would not be the same for the antiferromagnetic (J > 0) and ferromagnetic
(J < 0) cases.
For J > 0, Eq.(2) reduces, in the zero temperature limit, i.e., β −→ ∞, to the following
four possibilities.
a. Case I: Bm = 0
χABC =
1
Z
[
|000〉〈000|+ eβJ(|W 2〉〈W 2|+ |W 3〉〈W 3|+ |W 5〉〈W 5|+ |W 6〉〈W 6|) + |111〉〈111|
]
−→ 1
4
(|W 2〉〈W 2|+ |W 3〉〈W 3|+ |W 5〉〈W 5|+ |W 6〉〈W 6|) (5)
with Z = 2 + 4eβJ . From Eq.(4), the above equally-weighted mixture has
C(ρAB) = max
{
− 1 + e
−2βJ
1 + e−2βJ + 2eβJ
, 0
}
= 0. (6)
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b. Case II: 0 < Bm ≤ 2J
χABC =
1
Z
[
e−
1
2
β(Bm−2J)(|W 2〉〈W 2|+ |W 3〉〈W 3|)
+e
1
2
β(Bm+2J)(|W 5〉〈W 5|+ |W 6〉〈W 6|) + e 32βBm |111〉〈111|
]
=
1
eβ(2Bm−J) + 2eβBm + 2
(|W 2〉〈W 2|+ |W 3〉〈W 3|)
+
1
eβ(Bm−J) + 2 + 2e−βBm
(|W 5〉〈W 5|+ |W 6〉〈W 6|)
+
1
1 + 2e−β(Bm−J) + 2e−β(2Bm−J)
|111〉〈111|
−→


1
2
(|W 5〉〈W 5|+ |W 6〉〈W 6|) if 0 < Bm < J,
1
3
(|W 5〉〈W 5|+ |W 6〉〈W 6|+ |111〉〈111|) if Bm = J,
|111〉〈111| if J < Bm ≤ 2J
(7)
with Z = e
3
2
βBm+2e
1
2
β(Bm+2J)+2e−
1
2
β(Bm−2J). Eq.(4), in the zero temperature limit, reduces
to
C(ρAB) =
2
3(2 + eβ(Bm−J))
−→


1
3
if 0 < Bm < J,
2
9
if Bm = J,
0 if J < Bm ≤ 2J.
(8)
c. Case III: 2J < Bm < 4J
χABC =
1
Z
[
e
1
2
β(Bm+2J)(|W 5〉〈W 5|+ |W 6〉〈W 6|) + e 32βBm |111〉〈111|
]
−→ |111〉〈111| (9)
with Z = e
3
2
βBm + 2e
1
2
β(Bm+2J).
d. Case IV: 4J ≤ Bm
χABC =
1
Z
[
e
1
2
β(Bm−4J)|W 4〉〈W 4|+ e 12β(Bm+2J)(|W 5〉〈W 5|
+|W 6〉〈W 6|) + e 32βBm |111〉〈111|
]
−→ |111〉〈111| (10)
with Z = e
3
2
βBm + e
1
2
β(Bm−4J)+2e
1
2
β(Bm+2J). Clearly, the concurrence in III and IV are both
zero. Bm = J therefore marks the point of quantum phase transition from an entangled
phase to an unentangled one.
It is obvious from Eq.(6) that in Case I, the thermal concurrence remains zero even
at nonzero temperatures [14]. However, for Bm > J , unequal mixing of entangled and
unentangled states in the spectra of the three-qubit Heisenberg XX ring results in nonzero
thermal concurrence at T > 0. The thermal entanglement would, in general, decrease
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in quantity as χABC approaches the maximally mixed state
1
8
IABC in the limit of infinite
temperature. It is thus an interesting problem to determine the critical temperatures T1
beyond which the amount of thermal entanglement becomes zero. From Eq.(4), T1 clearly
depends on the external magnetic field Bm, in contrast to the two-qubit XX Heisenberg
chain [17]. These T1’s can be obtained by numerically solving
2(eβJ − e−2βJ ) cosh 1
2
βBm −
√
(e−2βJ + 2eβJ)2 + 6(e−2βJ + 2eβJ) cosh βBm + 9 = 0 (11)
(see Table I). We note that T1 increases with increasing Bm. When Bm is large enough,
Eq.(11) reduces to
x6 − 6x5 − 2x3 − 3x2 + 1 = 0, (12)
with x ≡ eβJ , which can be numerically solved to yield T ∗1 ≈ 0.554641J . Consequently, as
long as T < T ∗1 , the thermal concurrence would be nonzero, albeit very small.
For J < 0, Eq.(2) reduces, in the zero temperature limit, i.e., β −→ ∞, to the following
four possibilities.
e. Case V: Bm = 0
χABC =
1
Z
[
|000〉〈000|+ e−2βJ(|W 1〉〈W 1|+ |W 4〉〈W 4|) + |111〉〈111|
]
−→ 1
2
(|W 1〉〈W 1|+ |W 4〉〈W 4|) (13)
with Z = 2 + 2e−2βJ . From Eq.(4), the above equally-weighted mixture has
C(ρAB) = max
{
e−2βJ − (3 + 4eβJ)
3(1 + e−2βJ + 2eβJ)
, 0
}
−→ 1
3
. (14)
f. Case VI: 0 < Bm < −2J
χABC =
1
Z
[
e−
1
2
β(Bm+4J)|W 1〉〈W 1|+ e 12β(Bm−4J)|W 4〉〈W 4|+ e 32βBm |111〉〈111|
]
−→ |W 4〉〈W 4|
(15)
with Z = e
3
2
βBm + e
1
2
β(Bm−4J) + e−
1
2
β(Bm+4J). In the zero temperature limit, Eq.(4) reduces
to
C(ρAB) = max
{
2
3(1 + eβ(Bm+2J))
, 0
}
−→ 2
3
, (16)
a signature of |W 4〉.
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g. Case VII: −2J ≤ Bm ≤ −4J
χABC =
1
Z
[
e−
1
2
β(Bm+4J)|W 1〉〈W 1|+ e 12β(Bm−4J)|W 4〉〈W 4|
+e
1
2
β(Bm+2J)(|W 5〉〈W 5|+ |W 6〉〈W 6|) + e 32βBm |111〉〈111|
]
−→


1
2
(|W 4〉〈W 4|+ |111〉〈111|) if Bm = −2J,
|111〉〈111| otherwise
(17)
with Z = e
3
2
βBm + 2e
1
2
β(Bm+2J) + e
1
2
β(Bm−4J) + e−
1
2
β(Bm+4J). It follows from Eq.(16) and
Eq.(17) that
C(ρAB) =


1
3
if Bm = −2J,
0 otherwise.
h. Case VIII: −4J < Bm
χABC =
1
Z
[
e
1
2
β(Bm−4J)|W 4〉〈W 4|+ e 12β(Bm+2J)(|W 5〉〈W 5|
+|W 6〉〈W 6|) + e 32βBm |111〉〈111|
]
−→ |111〉〈111| (18)
with Z = e
3
2
βBm + 2e
1
2
β(Bm+2J) + e
1
2
β(Bm−4J). Consequently, the concurrence is zero in this
case. So, Bm = −2J marks the point of quantum phase transition in the ferromagnetic ring.
The critical temperatures T1 for the ferromagnetic ring again depends on Bm and can be
obtained by numerically solving
2(e−2βJ − eβJ ) cosh 1
2
βBm −
√
(e−2βJ + 2eβJ)2 + 6(e−2βJ + 2eβJ) cosh βBm + 9 = 0 (19)
(see Table II). In particular, when Bm = 0, Eq.(19) reduces to
e−2βJ − (3 + 4eβJ) = 0 (20)
which yields T1 ≈ −1.27136J [14]. We note that T1 similarly increases with increasing Bm.
For large enough Bm, Eq.(19) reduces to
y6 − 3y4 − 2y3 − 6y + 1 = 0, (21)
with y ≡ e−βJ , which can be numerically solved, giving T ∗∗1 ≈ −1.32639J . So, for large Bm,
the thermal concurrence would be small but nonzero as long as T < T ∗∗1 .
For both J > 0 and J < 0, T1 increases with increasing Bm up to T
∗
1 and T
∗∗
1 respectively,
as long as Bm is not infinitely large, in which case χABC −→ |111〉 and the thermal con-
currence would become zero. Physically, one could understand this phenomenon by looking
7
at the thermal density operator, Eq.(2). Recall that while an equally weighted mixture of
|W 2〉, |W 3〉, |W 5〉 and |W 6〉 has zero concurrence, Eq.(5) and Eq.(6); an equally weighted
mixture of |W 5〉 and |W 6〉, Eq.(7) and Eq.(8), and |W 4〉, Eq.(15) and Eq.(16), have nonzero
concurrence. At nonzero temperatures, increasing Bm creates a diminishing proportion of
|W 2〉 and |W 3〉, but an increasing proportion of |W 4〉, |W 5〉, |W 6〉 (entangled states), and
of course |111〉 (unentangled state). The small but nonzero proportion of entangled states
contributes to the nonzero thermal concurrence.
Now we describe the quantum teleportation protocol P1 using the above three qubit
mixed state χABC as a resource. It involves a sender, Alice (at site A), and two receivers,
Bob (at B) and Cindy (at C). Alice is in possession of two two-level quantum systems, the
input system S, and another system A entangled with both a third two-level target system
B in Bob’s possession, and a fourth two-level target system C in Cindy’s possession (i.e.
a three-particle entangled state). Here, we label the entangled systems by the site indices.
Initially the composite system SABC is prepared in a state with density operator
σtotalSABC = piS ⊗ χABC
where
piS = |ψ〉S〈ψ|, |ψ〉S = cos θ
2
|0〉S + eiφ sin θ
2
|1〉S, (22)
0 ≤ θ ≤ pi, 0 ≤ φ ≤ 2pi are the polar and azimuthal angles respectively, and χABC , is as
given in Eq.(2). To teleport the input state piS to Bob’s target system B and Cindy’s target
system C, Alice performs a joint Bell basis measurement on systems S and A, described by
operators ΠjSA⊗ IBC , IBC is the identity operator on the composite subsystem BC, j labels
the outcome of the measurement,
Π1SA = |Φ+〉SA〈Φ+|, Π2SA = |Φ−〉SA〈Φ−|, Π3SA = |Ψ+〉SA〈Ψ+|, Π4SA = |Ψ−〉SA〈Ψ−|, (23)
where
|Φ±〉SA = 1√
2
(|00〉SA ± |11〉SA),
|Ψ±〉SA = 1√
2
(|01〉SA ± |10〉SA)
are the Bell states. If Alice’s measurement has outcome j, she broadcasts her measurement
result (two-bit) to Bob and Cindy via a classical channel. The joint state of Bob’s target
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system B and Cindy’s target system C conditioned on Alice’s measurement result j is given
by
ρjBC =
1
pj
trSA[(Π
j
SA ⊗ IBC)(piS ⊗ χABC)], (24)
where
pj = trSABC [(Π
j
SA ⊗ IBC)(piS ⊗ χABC)]. (25)
Substituting Eq.(2), Eq.(22), and Eq.(23) into Eq.(25) yields
p1 = p2 =
1
12Z
e−2β(Bm+J)(f + g cos θ),
p3 = p4 =
1
12Z
e−2β(Bm+J)(f − g cos θ), (26)
where
f = 3e
3
2
βBm(1 + eβBm)(1 + 2e3βJ) + 3e
1
2
βBm(1 + e3βBm)e2βJ ,
g = e
3
2
βBm(1− eβBm)(1 + 2e3βJ ) + 3e 12βBm(1− e3βBm)e2βJ .
For Bob and Cindy to successfully complete the teleportation protocol, they perform j-
dependent unitary operations U jB = U
j
C = U
j on systems B and C respectively (ρjB =
trCρ
j
BC = trBρ
j
BC = ρ
j
C = ρ
j) such that
τ jB = τ
j
C = τ
j = U jρjU j†, (27)
where U j could either be the identity matrix or one of the Pauli matrices (see Table III).
The success of the teleportation scheme can be measured by the fidelity [23] between the
input state piin and the output state τ
j
out, averaged over all possible Alice’s measurement
outcomes j and over an isotropic distribution of input states piin:
〈F 〉 = 1
4pi
∫ pi
0
∫ 2pi
0
sin θdθdφ
4∑
j=1
pjF
j (28)
where
F j ≡ tr(τ joutpiin). (29)
It follows from Eq.(22) and results from Eq.(24) that
F 1 = F 2 =
h1 + h2 cos 2θ
4(f + g cos θ)
,
F 3 = F 4 =
h1 + h2 cos 2θ
4(f − g cos θ) , (30)
9
where
h1 = 3e
3
2
βBm(1 + eβBm)(3 + 4e3βJ ) + 3e
1
2
βBm(1 + e3βBm)e2βJ ,
h2 = −e 32βBm(1 + eβBm)(1− 4e3βJ)− 3e 12βBm(1 + e3βBm)e2βJ .
Substituting Eq.(26) and Eq.(30) into Eq.(28) gives
〈F 〉 = 1
3
+
2
9
(2 + e3βJ ) cosh 1
2
βBm
(1 + 2e3βJ) cosh 1
2
βBm + e2βJ cosh
3
2
βBm
(31)
In order to transmit piin with fidelity better than any classical communication protocol, we
require 〈F 〉 to be strictly greater than 2
3
. In other words, we require
1
3
(e−2βJ − 4eβJ) > cosh
3
2
βBm
cosh 1
2
βBm
(32)
and hence J < 0. That is, the nonzero thermal entanglement for J > 0 is “not suitable” as
a resource for teleportation via P1.
In the zero temperature limit, Eq.(31) reduces to
〈F 〉 = 1
3
+
4
9(1 + eβ(Bm+2J))
−→


7
9
if 0 ≤ Bm < −2J,
5
9
< 2
3
if Bm = −2J,
1
3
< 2
3
if − 2J < Bm.
(33)
So, in spite of the fact that in Case V, the concurrence is only 1
3
, the equally weighted
mixture in Eq.(13) is able to yield 〈F 〉 = 7
9
. Comparing this with the equally weighted
mixture of |W 5〉 and |W 6〉 in Eq.(7), which has concurrence also equal to 1
3
, but cannot
yield 〈F 〉 > 2
3
, certainly illustrates a fundamental difference between the entangled mixed
states not reflected by the concurrence. For 0 < Bm < −2J , 〈F 〉 = 79 is a clear signature
of |W 4〉 (see Ref.[7]). At Bm = −2J , the mixing of |W 4〉 with an equal proportion of |111〉
deteriorates the “quality” of the entanglement so much that 〈F 〉 is now less than 2
3
. We note
that Bm = −2J marks the point of “transition” from 〈F 〉 > 23 to 〈F 〉 ≤ 23 . This coincides
with the point of quantum phase transition in the ferromagnetic ring.
For nonzero temperatures it is again an interesting problem to determine the critical
temperatures T2 beyond which 〈F 〉 ≤ 23 . From Eq.(32), T2 is clearly dependent on the
magnetic field Bm, as in Ref.[18]. They can be obtained by numerically solving
(e−2βJ − 4eβJ) cosh 1
2
βBm − 3 cosh 3
2
βBm = 0. (34)
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(see Table II). Interestingly, when Bm = 0, Eq.(34) reduces to Eq.(20) which thus yields
T2 = T1 ≈ −1.27136J . This means that all nonzero thermal entanglement, in this case, is
“suitable” as a resource for teleportation via P1. The mixing of states here clearly does not
have a devastating effect on the quality of the thermal entanglement. Supppose T is small
enough, and let Bm = −ηJ , 0 < η, then Eq.(34) yields
T2 = − 1
ln 3
(2− η)J ≥ 0. (35)
So, η can at most equal 2, and as η −→ 2, T2 −→ 0 consistent with our assumption. As
shown in Table II, T2 decreases with increasing Bm and each T2 is strictly less than the
corresponding T1, which increases asymptotically to T
∗∗
1 . This means that with increasing
Bm we have an increasing range of nonzero thermal entanglement which is however not able
to yield 〈F 〉 > 2
3
. Physically, one could attribute the cause of the poor quality of thermal
entanglement to the fact that there is now a comparable or greater proportion of unentangled
|111〉 than the “teleportation grade” |W 1〉 and |W 4〉.
In conclusion, our “average teleportation fidelity criterion”, Eq.(32) reveals several
interesting aspects of quantum entanglement not reflected by concurrence. On the one
hand, whereas comparable mixing of entangled states certainly decreases the resulting
pairwise concurrence (see Eq.(5) and Eq.(6), Eq.(7) and Eq.(8), Eq.(13) and Eq.(14)), it
could result either in low quality states which yield 〈F 〉 ≤ 2
3
, or in high quality states giving
〈F 〉 > 2
3
. On the other hand, comparable mixing of entangled with unentangled states
not only certainly decreases the resulting pairwise concurrence (see Eq.(7) and Eq.(8),
Eq.(17)) but definitely degrades the teleportation quality of the entangled mixed state.
Furthermore, the teleportation quality of the entangled mixed state is more sensitive to the
degree of mixing than its concurrence. As a result, we could have a more entangled thermal
state not giving a better average fidelity than a less entangled one. Since entanglement is
such an important resource in quantum information, it is very important to have a more
fundamental understanding of these aspects of quantum entanglememt.
The author thanks Yuri Suhov and Andrew Skeen for useful discussions. This publication
is an output from project activity funded by The Cambridge MIT Institute Limited (“CMI”).
CMI is funded in part by the United Kingdom Government. The activity was carried out
for CMI by the University of Cambridge and Massachusetts Institute of Technology. CMI
11
can accept no responsibility for any information provided or views expressed.
[1] M. A. Nielsen and I. L. Chuang, Quantum Computation and Quantum Information (Cam-
bridge University Press, Cambridge, England, 2000).
[2] C.H. Bennett et al., Phys. Rev. Lett. 70, 1895 (1993).
[3] S. Popescu, Phys. Rev. Lett. 72, 797 (1994).
[4] M. Horodecki, P. Horodecki and R. Horodecki, Phys. Rev. A 60, 1888 (1999).
[5] D. Gottesman and I.L. Chuang, quant-ph/9908010.
[6] A. Karlsson and M. Bourennane, Phys. Rev. A 58, 4394 (1998).
[7] Y. Yeo, e-print arXvi:quant-ph/0302030.
[8] D. M. Greenberger, M. A. Horne and A. Zeilinger, Bell’s Theorem, Quantum Theory, and
Conceptions of the Universe edited by M. Kafatos(Kluwer, Dordrecht, 1989), p. 69.
[9] A. Zeilinger, M. A. Horne and D. M. Greenberger, NASA Conf. Publ. No. 3135 (National
Aeronautics and Space Administration, Code NTT, Washington, DC, 1997).
[10] C. H. Bennett and S. J. Wiesner, Phys. Rev. Lett. 69, 2881 (1992).
[11] J. C. Hao, C. F. Li and G. C. Guo, Phys. Rev. A 63, 054301 (2001).
[12] V. Buzek and M. Hillery, Phys. Rev. A 54, 1844 (1996).
[13] D. Bruss, D. P. DiVincenzo, A. Ekert, C. A. Fuchs, C. Macchiavello and J. A. Smolin, Phys.
Rev. A 57, 2368 (1998).
[14] X. Wang, H. Fu and A. I. Solomon, J. Phys. A: Math. Gen. 34, 11307 (2001).
[15] T.J. Osborne and M.A. Nielsen, quant-ph/0202162.
[16] M.C. Arnesen et al., Phys. Rev. Lett. 87, 017901 (2001).
[17] X. Wang, Phys. Rev. A 64, 012313 (2001).
[18] Y. Yeo, e-print arXiv:quant-ph/0205014 (to be published).
[19] R. Raussendorf and H.J. Briegel, Phys. Rev. Lett. 86, 5188 (2001).
[20] R. Raussendorf, D.E. Browne and H.J. Briegel, quant-ph/0108118.
[21] S. Hill and W.K. Wootters, Phys. Rev. Lett. 78, 5022 (1997).
[22] W.K. Wootters, Phys. Rev. Lett. 80, 2245 (1998).
[23] R. Jozsa, J. Mod. Opt. 41, 2315 (1994).
[24] In Ref.[6], Karlsson and Bourennane considered two teleportation schemes P0 and P1. P0
12
involves a sender A, an accomplice C, and a receiver B. A performs a joint Bell basis mea-
surement, C a single-qubit measurement, and B a unitary operation conditioned on A and
C’s measurement outcomes. It is shown in Ref.[7] that for three-particle entangled W state,
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η T1
0.1 0.234194J
0.3 0.332167J
0.6 0.414045J
1.0 0.476533J
1.3 0.504831J
2.0 0.538225J
7.0 0.554639J
9.0 0.554641J
10.0 0.554641J
100.0 0.554641J
TABLE I:
The critical temperature T1 is a function of both J and Bm = ηJ, η > 0.
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η T1 T2
0.0 -1.27136J -1.27136J
0.6 -1.27457J -1.17224J
0.8 -1.27686J -1.08726J
1.0 -1.27959J -0.965516J
1.2 -1.28263J -0.795176J
1.4 -1.28585J -0.578739J
1.6 -1.28916J -0.368014J
1.8 -1.29246J -0.182056J
1.9 -1.29408J -0.0910239J
2.0 -1.29567J 0
10.0 -1.32628J -
15.0 -1.32639J -
16.0 -1.32639J -
100.0 -1.32639J -
TABLE II:
The critical temperatures T1 and T2 are functions of both J and Bm = −ηJ, η > 0.
Alice’s measurement result j Bob’s unitary operation U j Cindy’s unitary operation U j
1 σx σx
2 σy σy
3 I I
4 σz σz
TABLE III:
Bob’s and Cindy’s unitary operations conditioned only on Alice’s measurement results.
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